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Editor's Freface

This note is mainly for those who did not attend the confe-
rence to tell them what &1l this is about. Carl-ixel Stsel
von Holstein, Charlecs Vlek, and me had the fecling shat s
might bc good to have such a confercnce to join zll people
working soncwhere - and mostly rather isolated — on subjec—
tive probability snd related fields. we decided to have this
conference in Hamburg since we have here quite a bunch ef
students working in tuis arca, and since it seemecd to be
located most centrelly (considering participants from Swe-—
cden and Italy, Polzand and England) - but the main pard. of
the job of meiling circulars, and organizing the program,
was done by Charles Vlek from Leiden.

It was, actually, rathcr hard to get together a list of pro-
spective participants who night be invited to such 2 confe-
rence -~ and I ar gfrsid we never menaged to complete this
list. So, our apologies to everybody we omittcd, and our
plee to tell ve everybody' s name who should be on the lList,

S0 we can invite him (or her) next tine.

Yes, there will be a next time - probably in Spring (S AS ni
be orgenized this time by Gerard de Zceuw, H.C. ven der leer,
Charles Vlck and /.4i. Yagenaar., Everybody on the "list of pro-
spective participants” will be invited to that next conference,
and everybddy interested in it but not on the list should con-
tect Gerard de Zeeuw to get onto it.

1
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The sessions of this year's Research Conference on subjec-
tive Probebility were mainly devotcd to unpublished reseasrch
and unsolved problems - since published papers are eagier
to be rcad at home. The following papers arc Just sunmaries
of the participants' contributions and discussions, in the
order they geve them during the Conference - with one gxcep-
Giends s put Prof. de liinet ity paper to the end since it
contains some comments which are importent to 21l of the

preceding ones.

Thanks to everybody who helped make this Confercnce snd the

cdition of these Procecdings possible !

Dirk Wendsg
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General Overview of Current turopean Research in the Area of

cubjective Probability and related Prablems

Dirk ‘endt (Hamburg)
In accordance with the general aim of this Conference, my overview
will be confined to studies under way, or accomplished recently but
unpublished, as far as I know of them. Thig regtriction will give
my review a rather strong bias in favour of research done at Hamburg
which I have to apologize for - but it is clear that these studies

are best known to me,

Trying to be systematic, I will first mention some experiments in
the context of the SEU model, then some on risk preferences and the
utility-of-gambling problem, and finally some on subjective prob-
ability (SP) scaling, probability revieion, and conservatism.

In the field of the SEU medel, Gilinter Lehmann is (at least since
1964) attacking the probler of simultaneous measurement of SP and
utility. He will talk himself about his recent research.
Matthias Burisch tried +to find out whether there exists a special
utility of gambling., He had his 98 scale the utilitiesfor various
uantities of two different commodities (cigarettes and candy)
by means of the Marschak bidding procedure, and then had them
evaluate gambles with cert111 amounts of cigarettes as oreoutcome,
ond the §?s equivalent in caendy as the other outcome. Results showe
that many Ss eviluated .the gambles higher then the riskless offers
oL the same commodities (indiecating a positiv utility of gambling),

some of them showed no utility of gembling at all, end one had
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a negative one.

Heiner Inkamp compared two methods of utility scaling, the Merschak

biddin ‘ceGure, and ir comparisons., Hi 8
e ’ ba p i E were cuctomers of

Stuttgart department store who evaluated various commodities by
the two methods. Imkamp, too, had his 28 scale the utilities of

gambles involving two different commodities as outcomes.

MisgH.C. van der lMeer has contributed several experiments %o the

provlem of risk preferences—- see her ligt of references--,and,

in Hamburg, Bernd Stein, RoswithaKoch, Rainer Kokuska, and me have
worked in this field, starting from Coombd’therry of an ideal level
of risk (TFortfolio Theory). Kakuska glves a separate repat in

thes Proceedings. Stein, Koch, and me are testing the hynothe-

sis that o certain perceived level of rigk may be attained ei ther
by



varying the range of a gaﬁbfe: or by varying the uncertainty
about the probability of winning or losing. These two determiners
of risk should wvork compensatorily so that an S should in-

crease the range of a gumble chosen when the uncertainty

dbout the probability involved decrezses.

Somewhere between choices among risky alternatives (bets
involving both SP and utilities, and straight SP regsearch,
1 have to mention some studies on "subjective levels or
confidence”. This concept is derived from the normotive
model of classical hypothesis testing (i.e. Neyman-
Pearson), and applied to 3’8 behavior in experimental
situations. Jirgen Kriz has criticized this concept as

not descriptive of §’s sencation of uUnverta nty in a de=

i
cision between competing hypotheses. Helmut Jungermann

has compared the classical hypothesis testing model to

the Bayesian model in snexperimental setup | and Harm
stehr found out that it is not at all unimportant whether
you have an § estimate the probability of thc rejected,
or of the «ccerted hypothesis: in the latter case, conger—

vatism is considerably larger.

(s = J o = , "
Studies  4.voted to SP directly (without connection to

values in bets) can be divided intu two areas : those
concerned with pricr probavilities, and those in = bro-
b..bility revision context where Bayec Theoremis con-

sidered &s normative model. In the first field, Carl-

hxel Stael von Holstein has done some experiments (gee

his report), amlso has Reiner Pricke. Fricke studied the
influence of context on rrobability (or, rather, relative
frequency) estimates in a sequence., His 8s had a kind of
multiple probability learning task., He found that the
mean objective relative frequency worked as a kind of
adaptaetien level on the estimates. Another multiple
probability learning cxperiment hes been done by Weolfgang
Manz. He veried the relstive frequency of the most
“requent event, and the distribution of frequencies over
the other events, and got elmost cerrect ¢stime tes under
all conditions. Hermann Riippell is working on an experiment
in probability learning with shifting objective event
freouencies over the series.
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Concerning the conservatism phenomenon in Probability revi~
glons.uspeople in and from Michigan have developed three hy-
potheses: misperception, misaggregation, and experimental

ST

artefact (seeE wards 1968: Con-ervation in Human Informa-
tion Processing, in: Kleinmuntz, Formal Representation of
Human Judgment. Wiley, ‘New: Torl, D 17— 52). An experiment
by Diethard Freitag was directed towards an evaluation of
the first two of these hypotheses. He gave his Ss a long
training period to get familiar with the data souzces
(bookbags with red and green beads) untill they gave satis-
factorily unbiassed estimates of P (DiH), and then had them
decoce hetwesn cordebting hypotlhests on the contents of a
bookbeg, based on information from a sampling process with
optional stopping. Compcred +to optimal stopping calculated
from objective, and from estimated P(D H), 9s bought too
large samples, thus favoring the misaggregation hypothesis.

" Eperiments aimed at the influence of varbus variables on
conservationm in the bookbag-and-pukerchip raradigm have been
performed by Manz in Koéln ., by Viek in Leyden ., by Krd v o
Vienna, by Genser in Hamburg, and by Grabitz in Mannheim.
‘s:far as I can see, most of their results favored the ex-
perimental artefact hypothesis. olfgang Manz studied the
effect of sample size (n = s + f) and sample composition
(s/n) on conservatism., He essentially concluded that conser-
vatism might be en experimentsl artefact gince in daily life
s/n is more important than s-f. Jiirgen Kriz, in another
experimental setup, came to similar conclusions. He, and
Charles Vlek, and Reiner Pricke, and me, too ,tried to find
some general function which relates 3P to objective probabi-

1ities(OP),an attempt which has been criticized By e

Finetti (see his contribution in this Proceedings). Gerd
Gekeler studied the effect of sample size on such SP/0P
functions. Burkhard Genser investigated the relative influ-
ences of objektive posterior odds and sample prvbability on

onservatism,. Dirk Revenstorff investigated relationships

between OP and SP in a dice gene. 58 had to estimate the probsbi-
lity to roll = higher score than = given score. They overesti-
nated low, and underestimated high probabilities.
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Two major points of criticism have arisen against all these
types of experiments: First,whaether it mekes sense at all
to search for a function relating SP to 0P. Prof. de Finetti

will make some remsrks on this topic, see his contribution
in these Froceedings. Second,whether the bookbag-and-
pokerchip paradigm is not too artificial at all for normal
Ss such thet it leads to lots of experimental artefacts
whicli have nn relevance on actual behavior in daily life.

My personal impression from these discussions is that we
should "bury that urn" and ~bazndon the bookbag-ani-pokerchip
paradignm as a tool of research completely.

My apologies to everyone I omitted, misunderstood or mis-
interpreted in this "general overview" -- as I to0ld you,

I tried to give you some impressions on unpublished studies,
und as such, my report was mainly based on private communi-
cations, and gcssip.. A1l kinds of additions and comments
ere welcone.
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Some Problems in Revision-of-Opinion Studies

Charles Vlek (Leiden)

One of the things one would like to be zble to do with Bayes’?
theorem is hendling the following situation, Suppose one
wants to predict which of several politicaltparties a particu-
lar persen or group of persons is going to vote for, The
Set~{Hi;»consists of the existing parties or th.subset of
parties that are worth considering. The setﬁij}.of available
data describes the person or the group whose voting behavior
is to be predicted. Setting up = matrix with the Hi as co-
lums entries and the Dj (vhich we suppose to be indépendent)
as row entries, we shall have to determine for each cell the
value of p(Dj/Hi>‘ An additional row of the matrix would
specify the prior probabilities of the varipushypotheses.

Once we have succeeded in determining the cell entries of

the matrix we shall be able to compute

p (Hi/D1’:D2’....1 Djyl"l,Dk)

for each column, if we have processed k data secuentially.
The rationale behind such an experiment would be the assump-
tion that people are generally unable to aggregate lots of
single pmeces of infgﬁmag%on, but that they are capable of
estimating the diagnos%%o/of single data.

In the past 5 years one hes begun attacking this kind of
prcblem by reducing it to the well-known twn-hypotheses
bookbag-and-pokerchip situation or "urn paradigm", We shall

confine ourselves to the probability-revision-version of
the urn-paradigm, the other versien being the Informctien--
ﬁﬁrchasing or deferred decision making situation.. ILet the
bags contain red and blue chips, be symmetrically composed,
and let Do be the propertion of red chips in the predomi-
nantly red bag. r represents the numberof red chips in the
samples, which contains a total of n chips.

Many variables seem to influence the height of the subjec-
tive pesterior probability (SPP) given after 5 has been
presented with two bags and a handful of chips. A common
finding is that SPP increases as a function of 2r-:r., but

S8 are more conservative for higher values of 2r-n, A4 well
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established fact seems to be that SPP decreases when n in-
creases (Feterson et al., 19653 Pitz, 1967; Viek, 1965;
Vliek & Ven der Heijden, 1967), although Manz (1968) found
the opposite result. Equally well-established seems to

be that SPP is rather independant of P (Viek, 1965: Pitgz
et al.,, 1967; Marks, 1968), which of course causesthe Accu-
racy Betip fo bhe 8 decreasing function of P.s @8 Phillips
& Edwerds (1966) observed. The latter authors <lso re-
ported that 8PP is dependent upon the pay-off scheme and
the type of judgment scale used (direct S¥P-,0dds—-, and
log odds . wstimates lead to different result).

In order +to explain the generally observed conservatism

effect two hypotheses have been advenced. One (Petersen et
al.,1968) says that S8 properly apprecizte the diagnostic

impact of a single datum, but that they ageregate these

impacts in a nonoptimal way when presented with a sequence

of data. The other hypothesis (Vlek, 1965; Beach, 1968)

says that people misperceive the diagnoetic imnact p(Dj/Hi)

of a datum. The issue has not yet been settled unambiguously,
since there seems to be some confusion about vhatshould be

called "a" datum (one chip, or asequence of chips). It

Seems jJjustified, however, to conclude that conservative p( Hi/DZ)Q
are at least partially due to "conservative p(D./Hi)’s, e
subjective sempling distributions (the pattern of p(Dj/Hl—
estimates for all Dj under a given Hi) are flatter than the
corresponding objective ones (Ptersen et 8la, 1568; Wheeler & ¢ o5 -
Beach, 1968 Vlek & Van der Heljden, 1967). A recent, seem-

ingly irrational finding (Manz, 1968) is that SPP’s increase

with the value of r/n in the sample.

On the basis of these various proofs of irrationalily we may
goant Pitz et iall (1967) in concluding that " g subject’s
performance in a probabilily revision task is nonoptimal in g
more fundamental way than is implied by discussions of con-
versatism. PFerformance is determined in large part by task
characteristics which are irrelevant to the normative model,"
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Recognizing the importance of subjective sampling distribu-
tions (8SD’s) as as subjective expectation ratterns, Vlek

& Van der Heijden (1969) recently attempted to infer SSD’s
from direct posterior probability estimates obtained in =
two-hypotheses bivariate normal distribution experiment
conducted by Lichtenstein and Peengy (1968). They argued
that every $PP, when converted into l~g posterior odds and
given equal prior probabilities, would give them *he
difference between the logs of the ordinates of the two
overlapping distributions. Multiple regression analyses

on 3 different transformations of the stimulus charscteri-
stics showed that the inferred sampling distributions leading
to the best "prediction" of the actually given SFP, were

far deviant from the normal distributions supposed to have
been learned by the subjects. In additioh, subject wide-

ly differed in the welghts they attached to the stimulus
information. In an extended and somewhat modified (as yet
unpublished) version of Lichtenstein ang Feeney’s experiment
1t was observed that many Ss subdivide the probability scale

into as few 2as only 5 categories.

On the basis of the above-mentioned difficulties, some of
which seem to'be inherent to the experimental situation, and
some of which are due to an improper understanding of what

iz needed before Ss can meaningfully express their subjective
brobability, the following rroblems-of-further-research may.

belistet.

1. The study of subjective brobability - because »f its
'preference for objectively specifiable chance situations -
1s in danger of proceeding along experiments that have a
very low externsl validity {(if not =lso a ry low internal
validity). Care should be .taken o design representative

experiments,

25 Inatedd of having to rely on such introspectionistic
measures as subjectiveprobabiliy estimates, one would like
to use behavioral deasures which are monotonic with vari-

ations in subjective probability.
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3. Beccause posterior probabilities are considered as the
result of an informstion processing activetv, the information
to be procesied be unambiguously defined (e.g. is i3 proces-
sing absolute or reletive numbers of chips, or likelihoods,

or likelihood ratios?).

4. If S is supposcd to "make use of" sanpling distributions
one should distinguish botwcen the extent to which S heas
learned the objective sampling distributions, and the rule
he follows, he follows in converting his p(Dj/Hi)’s into
a p(Hi/Dj)“ An cvaluation of the extent to which people
arc " Bayesian" can only be mezningful, if we know exactly

which p(Dj/Hi)‘s S hag "in mind".

5. The apparant functioning of SSD's necessitatcs the study
of multiple probebility lesrning, especielly in situstions
where p(xi) has a systema.tic functional relationsship to

X. o
1

6. The measurcuent of lecrned subjective probability distri-
butions urges the development of simple, understandable me-~
thods for ussessing these distributions. Winkler (1967, a
end b, 1968) and Todz (1968) give sterts to this problemnm,

7. In complex situations # night be inevitsble to trect
probability estimates as if they convey only ordinal infor-

nation.
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Strategies in Probability Learning.

wolfgang Manz (Brighton, Sussex)

A recurring finding in probability learning experinents is
the phenomenon of "probebility-matching” (PL). In these ex-
beriments Sg are to choose repeatedly between two alterna-
tive responses A and B under a noncontingent reinforcement
schedule in which A is rewarded with probability p and B with
probability (41-p). Us' response frequencies averaged over

a run of consecutive trials can be described as occuring

with probabilities §{" and (1-%). Il is said to result when

mented finding (LUCE and SUPPES, 1965 for a surmary), but
can also be derived from the assumptions of mathematical
learning theories (BUSIH and +.OSTELLER, 19553 KSTES, 1959).
Outside the realm of learning theories Pl has acquired some-~
what of the status of an explanatory concept suited to be
incorporated as a basic premise into theories of decision-
maling (GULLAHORN and GULL&LIORN, 1963%; KELENY,SNELL, and
THOLPGCH, 1964; HALPIN and FILIUUK, 1967) . How sound, how-

€ver, are generalizations based upon PL?

Criticism has been levelled against the psychological mean-
ingfulness of the basgic assunptions in mathematical learning
theories, and thus the soundness of the derivation of PN
may be questioned (FOIIn, 1964). This is of minor importance
here as the empirical findings cannot be negated. The nost
suceinct criticism of the empirical findings is that of

TODA (1964) who argues that there is not only lacking in
nost experiments an appropiate statistical test (cf. GRANT,
1962 ), . but that the generally adopted procedure of averaging
over trials and Ss is bound to obscure rather: than to eluciz
date any regularities in Se! behaviour. Pinally, g few ex-
periments have failed 1o produce Pli both ia the two-choice
situstion (LDJaRDS, 19613 HZIMARK and SHUFCED, 1959) and
especlally in situations involving more than two choices
(GAIIDNER, 1958, 19613 GLIRDUER and FORSYTHE, 1961; COTTOW

and RECHT _CHA. LI, 1958).

veen in the context of this conference two interpretations
based on the above mentioned findings are of special interest.
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The first pertains to the view which takes the asymptotic
response probabilities T as a measure of the i's subjective
probability of p. PM in that interpretation is then seen as
indicative of the S's ability to estimate correctly the ob-
jective probability p only in the case of a two-choice situ-
ation. With more than two choices overestimation of the more
frequent and underestimation of the less frequent events seem
to obtain. The first inference as to the S's being correct in
estimating binomisl probebilities in a learning task, how-
ever, contradicts the findings of over- and underestimating
in comparable judgmental t:osks as reprted by HSTEVENS =nd
GALANTER(1957) and SHUKORD (1961). This leads to the problemn
of reconciliating the conflicting evidence (CUBE, 1965). The
answer to this problem is to reveal it as g pseudoproblems
the behavioursl index of choice proportionsii sznd =T
reflects only in a limited way the S's estimate of the un-
known probabilities p and (1-p) which zovern the stimulus
presentation. This cannot be taken as gz straightforward
measure ol subjective probability because the response based
on the subjective estimate is always mediated by strategical
considerations on the part of the §. Any explanation of the
Pi. beheviour therefore has to look at this aspect of the
probiem. There is experimental evidence denonstrating that
the estimate of the objective probabilities and the choice
behaviour as reflected in the response probegbilities are two
diiierent iﬂrelated aspects of the situations which should
not be confounded (HEILARK and OIHUFOND, 1959: LAKZ, 1968),

The second interpretaticn sees the experimental paradigm of

& probability learning task as a ganie against nature in which
nature is known to be in either of two states A or B with
fixed but unknown probsbilities p and (1-p) and vhere the
Plaver-subject has to select a stretegy p (ﬁ;(1—g§) with
which to predict the two states. The pay-oif matrix for most
of the experiments with positive reinforcement attached to

the correct predictions and no reinforcements to the incorrect
predictions can be represented as follows:
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state 4 state B
PLaYI L 2
B 0 1

From this it immediately follows that for any p # (l=vp]

only a pure strategy P (=1.0, (1-H)=C.0) is a rational
solution. Any mixed strategy like the PM strategy is clear-
ly suboptimal. +hy then do J3s prefer the suboptimal strategy
as seems to be well documented in the experiments?

There have been several solutions suggested to thie problem,
the most superficial one being the assertion of Ss' basic
irrationality. liore sensible solutions differ among them-
selves but nevertheless point in the same direetion: that

of underestimating the impact of the "demanded characteristig"
(ORNE, 1959), of the whole experimental situation. SIEGEL
(1964) introduces the negative utility of boredom operating
in these simple experimente as explanation for the Ss' sub-
optimal choices. In his experiments he varies the pay-off
matrix t@iﬂclude losses, that is negstive reinforcement for
incorrect predictions, or likewise introduces complications
in the procedure to reduce boredom. His us stop then using
Pii as the most preferred strategy and tend to adopt a pure
strategy instead. Others have dravn attention to the run
structure of the sequence of trials which can give 0s wrong
but compelling clues =2nd thus produce recency effects
(oo #y 19553 JARVIW, 1951). Varistions of situational
context are equally eifective in reducing TN (HOKANSCN and
DOELR, 1964; LAIDLER, CG.AN, and GCLD, 1964). Elaboration
of the implications of the experimental situation reduces
Ss' suspicion of being tested for their capacity to detect
a systematic pattern behind an effective disguise of a gimple
experiment. Thus the appropiate framing of the experimental
Set—ﬁp leads to a well-defined tzsk and bears out the same
result of Js' adopting the pure strategy (IEIMARK and CSHU-
#ORD, 1958; LAWZ, 1968).

All this highlights the besic design fault in most of the
probability learning experiments: the staishtforvard trans-

fer of an experimental situation designed to study rat be-
haviour et a choice point (BRUNS.ICK, 1939) into a paradigm
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for doing research into human decision making has agll the
virtues oi simplicity and elegant control of the stimulus
but is bound to challenge the Ss' capacities to redefine the
experimental situation for themselves thereby rendering all
control to uselegsness. As a pointed sumnary statement one
is tempted to say that Pi zs result in these experiments is
‘more indicative of loose thinking in the experimenter's
‘part than it is revealing anything sbout Ss' behaviour. The
question of how Ss use the probabilistic information accu-
mulated over the consecutive trizls for developping strate-
gies how they execute, test and refute them or gtick to them
18 8311l open for experimentation.
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Non-rendom Behaviour in Subjective Randomisation Tasks.

d.A. Jagenaar (Soesterberg, Netherlands)

Many experiments are dealing with the subjective concept of
"chance". One often encountered method of studying this topic
is asking the subject to produce a long randomized sequence
of @lternatives out of a certain choice-set. The sequential
qualities of a real random series are determined by chance
only, and the supposition in randomisation experiments is
that sequences randomized by Ss will show something of what
Ss expect that will happen by chance.
About 15 post-war publications describe this type of experiments
but these experiments difier with respect to a number of factors.
1. the number of alternatives varies from 2-26.
2. the nature of alternatives varies among letters, digits,
nonsense syllables, heads/tails, push-buttons, circles
on a paper etec.
3. the experimental situation requires different modes of
productions calling out, writing down, pointing, stamping,
pushing on buttons.
4. the length of the sequences varies from 20 to over 2500.
5. the number of previous responses visible varies from no
to all responses.
6. the vate of response varies from 0.25 to 4.0 sec. per
response.
7. production can be baced or unpaced.
C. the nugber of Ss varies from 2 to 125,

There are not two experiments which have all conditions exept
one in common, therefore difference in results can never be
traced to one single factor.

The same confusion exists with respect to the meaning of
randomness, as defined by the measures for non-ra andomness,
actually used. A great variety of zero and first-order measures
was used, and only in a few cases second and higher order
measures,

As may be expected, the results of these experiments are very
often in contradiction with each other. &8 an example three
experiments on the influence of rate of production were
capared. Baddeley (1962, 1966) found that increase of rate
gives increase of non-randomness. His hypothesis wss that the
amount of information g subgect can generate per secongd is
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limited. Teraoka (1963) found decrease of non-randomness with

increasing speed, whereas wWarren & lorin (1965) found a2 small
increase. The latter authors found that the information gene-

rated per second is increasing with rate. Some objections

against these three sxperiments are:

1.

No external representation of the choice set. In case of

many alternatives, the experiments are dealing with acti-

vation of the choice-set rather than with selection out of

th
2.

3.
4.

In

we

e choice set.

No indication of the nature of the deviation from rsndom-
ness (positive or negstive recency).

bmall numbers of $s in two experiments.

Low order of analysis.,

an experiment carried out in our Institute we used:

2,3,4,6 and 8 alternatives (push-buttons)

sequnces with 100 elements.

8 ss
rates of 0.5, 1, 2, and 4 sec./response.
analysis up to sixth-order dependencies.

found:

« no effect of rete.

Th
2
2

5.

dependencies significant #o the sixth-order values.
large individual differencies for lower order dependencies.
small individual differencies for higher order dependencies.

negative recency for the higher order dependencies.

€ maln research problems are:

experimentsl situation: task, instruction, apparstus?

measurement of non-randomness:which measure, to which order
of analysis?

relevance: are the results representative for the subjective
concept of chance?

nodel: is there any model describing the behaviour of all
Ss, and is there any theory to explain why Ss are bad
rendomizers?
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oome Problem in the Practicsl

Application of Bayesian Decision Theory

Carl-Axel 5. Stadél von Holstein (Stockholm)

In almost all przctical applications of Bayesian methods it

is assumed that there exists a prior dictribution and thet

it is known. Only seldom is there any discussion of the prob-
len of how to assess these subjective probability distributions.
The choice of assessment technique is not obvious and exXperi-
ments have shown that subjects react in different ways when
confronted with different techniques. It may also be so that

& technique which is good in ohne situation may not work well

in another situation.

There is not only a need for diftferent techniques for the
assessment of subjective probability distributions, but also
for empirical evidence of how well they work in practice.
Impirical research will lesd to improved and more reliable

techniques.

The paper is intended to give a review of some problems in
connection with the assessmnent of subjective probability
distribution for practical applications. These problems include
1. The choice of assessment technique or techniques.

2. The meaning of "good probability assessors”.

3. bcoring rules for the eveluation of assecssments.

4. The aggregation of several bersons' assessments.

The various problems will partly be treated against the back-
ground of results from empirical research.

The paper also includes a review of some practical applications.

The chapter reviews a number of assessment techniques. The
following four technigues do not depend on any special
assumption about the analytic iorm of the subjective proba-
bility distribution.

(i) Direct assessment of fractiles. This could be done by
neans of either successive subdivisions or direct questions
regarding irasctiles.

(ii)Consideration of the efiect of semple evidence on the
subject's probabilities.
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(iii) Expresocion of prior judgments in the form of equivalent
prior samples. This means that the subject should deter-
mine two numbers r and n such that his knowledge would
be roughly equivalent to having observed r "successes"
in n trigles,

(iv) Assessment of points on the probability density function
(by means of questions regarding relative densities and
relative areas).

The method of successive subdivisions refers to the following

scheme. Let p be the unknown guantity of interest. ‘e can then

proceed to ask the assessor in the following way:

1. Determine a point P, g such that it is equally likely that
P is less tHan p°5 as that p is greater than p“5

2. Assume now that you were told p in fact is less than P g
Conditional on this information determine a new point
P o5 such that it is equally likely that p is less than
P o5 &8 that p is greater than P 55 (i.e. is between
P o5 @08 B o)
(A similar question is asked for the case that p is
greater than D This gives a third point p'750)

3. One can continue to ask the assessor to subdivide a given
interval into two equally likely parts. This should be
continued until tuere are enough fractiles to give an

understandin of the shape of the distribution function.

The chapter also discusses such assessment techniques which
have becn designed for situations where it is assumed that the
subjective probability distribution is a member of some family,
€.8. the family of beta distributions.

Finally some empirical results are presented. They show that
different techniques often imply different distributions especi-
ally if the asuessor has not had a good statistical training.
This makes it necessary to use more than one technique to check

the assessments against each other.

It secms natural that there are many reasons why one could be
interested in measuring the goodness, whatever that mnay nean,
of a probability assessment. This could be done in order to
colpare several assessors for a selection of one or more of
them for further assessments. Another reason could be that one
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wants to measure the effect of some kind of training, i.e.
if the assessments have become "better" after a period of

training.

An assessor cah be good in essentially two respects. He may
have some knowledge of probability concepts and he makes
assessments that are consistent with the theory of probabi-
lity. The assessments should not only obey the postulates

of this theory but they should also correspond to his true
Judgments. The second respect concerns the assessor's know-
ledge of the practical problem at hand. Assume that a person
is to prediect the buying price of some share after a given
period. It is then desirable that he has good knowledge
about the various factors that may influence the price of
the share in question. These two standards of goodness can
be called the normetive and the substantive standard of good-
ness, respectively. To summarize, the normative standard of
'goodness' concerns expertise in probability assessment,
while the substantive standard of 'goodnesg' concerns ex-

pertise in the domain in which the zssessments are made.

3. Scoring rules for the evaluation of assessments.

—— e — T s e e o —— . . o o . S e . T T 2 St i o o . o e Y B B S S . Bt

A scoring rule is a measure of the goodness of an assessment.
You may, for example, ask a person to assess a distribution
for the temperature at noon the following day. This temperature
can be observed and the person's score will be a function of
the as.esoment distribution and the actual value of the tem-
perature. The chapter contains a discussion of various degi-
derata for scoring rules snd several examples are presented.

scoring rules can be used for the following purposes. e
assume that we have found a scoring rule which constitutes

a valid measure of goodness in a certain situation. /e can
then use this scoring rule to rank any set of assessors and
the scores can serve as a basic for the selection of asses—
sors for future assessments. The scores can a2lso be used to
determine weights for the assessors if their ascessments are
to be aggregated in some fashion. The last use to be mentioned
here concerns the training of assessors. The scores represent
an evaluation of the assessor's performance and an exami-
nation of them may give indications as to how he might im-
prove his assessments. He can learn to better understand the



Sl

correspondence between judgments and probabilities 2nd thus
become a better assessor in the normative sense. The scores
will also be usetul for interpersonal comparisons. A person
with consistently low scores can compare his =ssessments
with those made by successful assessors. He may-find, for
example, that he consistently overestimates the quantity
studiecd or that the confidence expressed in his assessments

are not justified by the outcomes.

So far we have been concerncd only with individual assess—
ments oi 5¥Ds. There are, however, many practical situstions
where one might have assessments msde by several peaple. How
should one prowed to make use of tlese SPDs which represent
the judgments of the assessors and which, of course, may be
quite different? The answer is to agsregate the 5GPDs into
onc¢ distribution, which can be used as the basis for gz de-
cision. :

4 simple way of aggregeting distributions is to take a line-
ar combination of them. This requires that the assessors are
assigned weights (Wi). Let Fi(x) be the i'th person's distri-
bution function and let F*(x) by IX(X):%ﬁiFi(x)ﬂ Phediits =
culty in tuis method lies in the choice of an appropriate

set of weights. If there is no informstion available on the
experience or the capability of the assessors, then one

vould probably choose to assign equal weights to them., It
seems natural, however, that the verious assessments should
carry unequal weights when there is some information avai-

leble on the past performance of the assessors.
The chapter reviews some sug_estions for the choice of welghts.
It also contains descriptions of other ways to arrive at a

congensus of several a89s8eszors.,.
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The consistency of subjective probabilitv judgnents

David Marks (Sheffield)

It has been shown by de Pinetti (1937) that the necegsary
and sufficient conditions for s person to avoid having a
book made against him is that his subjeetive probabilities
(3P's) for a complete set oI incompatible events sum to onec.
Thisg condition is known as "consistency" or "coherence'.
Three experiments are reported which investigate the evtent
to which the 8I's of rezl people, rather than ideal ones,

conform to the mathemstical norm of consistency.

1) Using the well-known urns situation, each 8 was asked to
give an 37 estimete that s cample Si was taken from Urn ¢
and, on another srael. that Si wes taken from Urn 2. Four-—
LeEn owl of 34 Gy adopted the simple strategy: SP=r/n,
which of course yielded periect congistency. Yiftecen of the
remaining S's gave SP's vhich summed te slightly, but signi-
ficantly, zbove one. This efiect was Caused by greatcr con-

servetism for low objective probebilities (0P'w).

2) From the finding thet conservatism is greater for low

CP's it can be predicted ths total oI will increase as the

number ol zlternative events increases. Thisg pPrediction was ver—

ified using situations inveolving up to 4 mutually exclugive

events. Total 5P averaged =21 1,14 for & 4-urn situation.

3) A rather different approach studied the consistency of
degrec of belief given for propositions of the type "4 man
will be landed on the moon by Hovember 197C". SP's were ob-
tained for seversl pairs of contradictory statements, one
stetement in esch pair being positive, and one negative.
Sk's summed to greater than one for statement-pairs with a
moderetely probable positive statenent, and tc less than one
for statement-pairs with moderately improbable Positive state-
lent. This efiecct was created by grester conservatism for
negative statements.
These experiments sugeest the following conclusions: (a) al-
though biases ere presznt in SP jud.ments, there are reguls-—
ritics in these biases of e simnlc kind; (b) it is inportant
to take account of such blases ia making use of §P Tor e
rences and decisions.
Retference: De Finetti,B.:"Ig Prévision:ses lois logigues,
StS sources subjectives", Annales de 18 T sihudt
Henri Poincare; 1 (1937)
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Exgerinents on Information Furchasing

Bernt Larsson (Lund)

Introduction: "I am not quite sure of what is meant by experiments
on information purchasing. Broadly speaking, it must be all exX—
periments where the subject has the possibility to zet more
information before making his final decision. However, this
definition includes most experiments performed to-day in the
sayesian area and is therefore not very userul. One way to re-
strict the set of relevant wxperiments is to look at the de-
pendent varisbles of main interest. Yor the Tollowing discussion
I will select the efficiency of the subject's behaviour and,
coupled with this, the number of obscrvations purchased and

the strategy for the finel decision. I will come back to a
definition of efficiency but let us first discuss some aspects

of choosing an experiment.™

The choice of an experiments "The kind of situation WRTGH T

have in mind is the very common onc where the subjcect should
stete from which population his sample of observations hes been
taken. Correct choice of thae population gives a zZero loss but

& wrong choice oiten involves a =reat loss in relation. o the
cost of one obgervation." Several questions are put end dis-
cussed in order to choose an experiment: 1) l¥rom how nany
populations can the subject simultaneously take samples?

2)How many populations are there to choose between when makinge
the fihal decigion tor = satiple? %) JWhich deta processing

model can be used - if any? 4) Is sampling fixczd or scquentiagl?
5) Has the subject full knowledge of the paramcters defining the
situation (Shuford's concept of = well-defined situation)?

6) ire the situstions hypothetical or does the subject actually
lose something during the cxperiment? 7) Is the subjeet told

if his final decision is right or wrong? 8) Are the independent

variables betwecn-subjects varisbles or within-subjects variables?

The concept of efficiencys tfriciency is defined ag the ratio

between two total losses (losg from choosing a populstion
plus coat of observation). "The total loss can be of two kinds:
the actual emount lost in o situstion or the expected amount an
infinite number of samples or replications of & tvial. In gene-
ral, the two totel losses defining an efficicncv ratio maw

come from different sources. You can heve two models, two sub-
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jects, a subject and a model, a subject and a group of sub-
Jects, and so on., Lo the concept is rather genceral and can be
used for different comparisons.” The concept is then illustra-
ted for the case of fixed binomial sampling for simple hypo-
thesis testing. "I have mostly decalt with a dependent vari-
able called efiiciency, which may be useful when describing
individual decision making. If calculations of efficiency are
besed on actual losses and comparisons are between subjects

it is not necessary to use a statistiwal model but for all
other cases you must have one, ¢s far ¢¢ I can see. The model
has given two things heres an optimal behaviour and a possi-
bility to calculate the average amount lost by the subject
over an infinite number of replications of the situation. The
last thing is only valid if the subject's choices ot the sample
size and the critical value when choosing a hypothesis are not
systematically changed over replications. It is only experi-
ments which cen verify or deny this assumptions But if it is
true the model shows how to use observed behaviour in a spe-—
cial trial to estimate average efficiency over many trials not

performed."

Lootnote: The concept ot efiicicncy for Bayesian decision

naking will be discusced in a forthcoming report.

Subjective probabilitiecs anc utilities in non-verbal

decision-processes.

Glinter Lehmann (Géttingen)

The purpose of this investigation was the simultsneous mea-
surement of subjective probasbilities and utilities which are
assumed to determine noii-verbal decision processes between
uncertain events.

An experiment was mede, in which a subject had to make series
of subsequent partially reinforced decisions t (t=1,50) bet-
ween two alternatives 84,8, (keys to be pressed). iAfter cach
decision t for a key 8, he could win with a constent pro-
bability Pies known only to the experimentator, a constant
amount W of "points" (v=1:20), the sum of which could be
changed into money (pennies) aiter the experiment. 240 of

1,

sucn decisions series, each of then having another combination
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of constant outcomes Vi9Vo wlth constant probabilities ng2,
were made by 157 subjects, whose decisions and gains were
automatically enregistratecd.

Since the true probabilities P4ysPs of winning V, sV, Wore
not known to & subject his decisions could be interpreted
as polred comparisons between "sample exspected values"
=Dy with the sample probabilities:

-_]_:;
tk
number of reinforcements at kev ay sfter decision t

1Y : M
= nunber of choices of key ak atter decision %

which varied stochastically in each series:lim st ptkﬁpk(t=1,.
By dividing the continua of probability P and of "pointg! ¥
into 10 equally spaced clagses pi(i:W,Wo) and Vs (=t el rohs
experimentator could distinguish 100 different sanple expec-
ted valucs Lij=pi,vj. The decisions (over 10.000) of all
series were combined in a paired comparison matrix A i
which aijkl represented the number oi preferences of Eij
over Ekl“

L. The determination of subjective expected values:

Applying the Iuce-axiom I
(‘]) Lo oy

p. & :‘—gl:]kl :"—r_—‘*—--'- = —lam——”

LIEL 85500 ¥ By FygoF Vg
there was caleculsted a matrix W of subjective expected values
from A (Ford-algorithme): e

g ‘,,ijr‘r,—_‘_Lij

Results:
1. The' I y~Vvalue of the maximum-likelihood-solution for

Liax

from A was significantly high (pv.o05).

2. The prediction of decisions by using the Lij—values wes
highly significant (p¢.0001). But the gein in the number of
correctly predicted deéisions by using Wij instead of Eij wes
signif. (p¢.o5) (randomization test).

3. The first Eigenvectors of the metrices W' and W'Y, giving
the least-squares-solutions for the subjective continua § snd
U oi probability and " value of points", had & significantly
high variance of 91.7%. This wss in favour of the hypothesis
that Wij is composed by the product of the two subjective
valucs s; and ujo

4. The veariation of the rows and columns of W and the continua
S5 and U showed a) an overestimation of low probabilities,

b) an antiogive form of the utilities, i.e. the well-known
subjective similarity between the numbers ("points") from
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1e!" to about 4%,
I1. The comparison of the hypotheses of of multiplicative resp.

addltlve connectiggnigggggigﬁvmecsurcmenﬁ»pgpplgg)i

= v, versus wl. = i+ v¥

13 J Z] 1 . 3 !
In order to determlne more dircctly the subjective continus
5 and U, expression (1) was decomposcd by introducing a sub-

Jective operstor o

O
(2) o = }O u. : 5 ¢ 0 is mualtiplication or sddition
ROk Gl & o
i T k 1

The two maximum-lilzelihood-solutions for the continus 5.0

resp.

v ; ;
resp. ©,U were approximated from 4.

Results:
1. The multiplicative continus S™and U*predicted the decisions

gk

SléﬂlflCdﬂth better (p<°o2) than the additive contlnua o
and U, (rendomiz -tion test).

2. The sume tendency h€ld for the rank-correlation between
and the least—Squares—solutions:E”(wij - S?O u§)2_4 min.

(o = -resp. +).

5. The multiplicstive and the additive continua were similsar

to one another =znd to those determined from « in secetion I.

An ezperiment on risk preferecnces

Rainer Kzkuska (Hamburg)

The experiment reported purports to test the so-callegd
'portfolio theory' by C.COULBS. This ileoty tries tbo. E%
plain the attractiveness of bets by the expected value (EV)
and the risk involved in playing a bet. The LV is computed

in the usual way, but no attenpt is made to derive subjective
mezsures of the payoffs and the probebilitics of winuning and
losing. The mezsure of risk 1s not specified by COCuBS3; in
this experiment the 'expected loss' (probability of losing x
amount lost) was selected. The theory assumcs the cxistence of
& 'point of ideal risk' on every bV-lovel. The bet having this
ideal zwount of risk should be Preferred to bets having the same
LV but higher or lower risk. The ideal risk is supposcd to in-
crease with increasing V.

Procedure: A simple type of two-outcome bet is used, where the

probebilities of winning and losing sum up to 1.o00 and the pay-
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offs can be set arbitrsrily. This is realized by a:device
comperable to a wheel of fortune with = rotating spinner an
& disc divided in two sectorss the sizes of the sectors de-
termine the PrObubllltlubu Bets on 5 different EV-levels

'dr‘ used, with 5 difierent amounts of risk on each level.
This is done for three distributions of probabilities se-
rarately to avoid possible influence of brobabilaty preto-
rences., After the subject has acquired some feamilis T byt
the type of bet by actual rlaying the bets are presented sre-
phically in random order =nd are rated by the subject accor-
ding to their attractiveness. The procedure is repeated
several times in order to get stable lieasures, but cere is
teken not to bore the subject too much. For the same reason,
i.e. motivation, a Propentien oftthe befaids ectually playcd
and the subject is payed his gaing., Te make sure that the
subject doesn't give his retings at rendom, the bets with
the highest attractiveness ratings have the greatest chance
ot being selected for playing.

Processing of the dsta will be done Separately for ezsch sub-
Ject and will be mostly plotting curves of equal attractive-
ness (indifierence curves) in the EV-risk space. The assump-
tions of the the 20Ty predict a certasin form of indifference
curves which can be compared to the form of the curves ob-

tained empirically.

Variing types of random scquences and relstive

¢fficiency of stretegies.

3

Gernot Kleiter (Salzburg)

An outline of sone psychological exzperiments.

Considering one class of rendom events uncertaintv for Ss

is not always glveh ‘in the ‘Bhfie way. Different types of
distributions could be distinguis hed, uniform digributiong

whd normal élstrlbvtions for example. During one session

shifts may occure for different parameters (rcages Mean,

stenderd deviation) and type of distribution. Events in

the considered class must not be independent, so, kind and
dégree of dependency could be varied also.

So (i) kind of distribution, (ii) shifts, and (iii) degree

of dependency are the main indepcndent variables to be con-
sidered in this eXperiment,
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otrategies of Ss in hendling those diiferent characterigstics
mey be different also. Liost oftcn, however, it is difficult
to identify "subjective" stretegies because within ore session
different strategics are ep;ylied. It scems ressonable to get
an over-all measurenent for the eificiency for =11 st
appliied as compared with (i) a "constznt" random strs
(ii) with & constant optizal strotegy. This does not exclude
the possibhility 4o identify subjective stretegies fo nl
experimental procedure.

So (i) the relative effieiency of varting "subjectived gtra-
tegies and (ii) - if identificetion is possible - the sirateé--

gies applied by the Ss arc the main dependent verisbles.

¢r005durb

The efficiency of §'s 8trategies in handling s equences of
rendom events from one populstion will be investigated in =

lan-mechine-intcerection situction similar to g gembling
situation.

v 31ts 1n front of a degl computcer. The computer hos boen
programmed to give en output of r:ndom nurbers (xi, with
difierent peramcters possible.

Instruction is given like this:

"Suppose you want to sell bananzs every week. You heve to

buy your supply on ¥ondey; but you don't know hov many people
will- buy bansnss every weck. There sre Many rcadom influsnces.
All you know is: certainly 1 banana and not more than o0
venanes will be bought; betwecn these limitg every derand

his en egual chence (for unifornm distribution). The computer
tells vou the denmend vhich is ¢ntirely independent of your
supply. Ior every sold banans you will win 1 unit (z units),
lor cvery benansg you couldn't sell your loss will be the

seme (¢ uwnits). Y0 for every bessna lying one week on vour
Stockpile you lose 1 unit for benanss crc perishable indecd.
Your tesk is to try to find the supply for every week (trial)
which handles best the raudon denand and to get out & mexinun
Leen win over & long period of weeks",

One trial is given by:

S input of his supply (Si)

computcrs output of randon demand (Xi,for uniform distribution
for exarple between 1 ang 100)

and additionslly S's win in this trial (actuel win this | eck, )
and S's uean win over all trials until know (g )

One session: 200-300 trigl

At the end of each session the mesn win can be bPaycd to the Ss.
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Generel ypothesis: Ss azre doing better in 2ll situstions
where they are confronted with distributions with a marked
central tendency. From reel life they heve got more CXperi-
ence with these problems. So Ss are expectsd to make higher
relative mean wins in managing normel distributions than uni-
forw distributions, normal distributions with smsll stenderd
devigtions are better handled thon normel distributions with
large standard deviation etc.. Ss are expected doing better
with a symmetric outcome function (r = ¢). 88 are expected
furthermore to do not very much better than a rendom strate-
gy for they comprehend & segquence of randou nwibers not ss
independent events. They usually try to riake a prediction
fior the next rendom nuwuber with regpect to the lzst 35 or 4
rendon numbers and hope to get o perfect hit (strategy of
getting "maximel" - not optimal win by trying to "solve the
problem").
Theorgtical notes
This type of geme is defined bys
i) constents: r: vin for every sold unit
c: loss for every unit not sold
: range of deps:. when uniform distribution
and

Xy 8 ¢ nean demend and standerd devietion of

o

demand when norinal distribution.
(ii) output : rindom demand x5
(1ii) dnput - Supply 55

Optimal strategy for uniform distribution is given bys

‘ ) 2 r i+ T +C
& ; i '
Constent input (1) Sopt, il o)

The expected Lican win with this strategy is:

E(Z) 5, = ;;H (2ri - (rs+c) (bi - 8] where S; = Sopt,

In the discussion, the author wes recomnmendeds:

(a) to use a2 more dynamic paradignm,

(b) to get information from resl merket policies oi supply

(8] %o get a clcar-cut comprchension of what is neant by
'random' in this device.



The TRUE SP TEHCBLEM (Subjective Probabilitv Problem)

versus various_moreg or less relatcd SIDE PRCBLELS

Bruno de Finetti (Roma)

1.- The point to be stresscd

The comuients I consider appropriste now, sfter listening to
the reports and discussions of this Conference, may be sum-
narized by the recommendation of a clear distinction bet-
wecn the true 3P Problem and the various more or less re—

latcd side-problens.

The true 5P problem consists in the investigstions concer-
ning the ways in which probabilitics are assessed and used
by more or less cducated people, and the wey in which such
abilities may be improved. This seems to me the field in
which the cooperation betwcen all specialists concerncd is
most wanted, and that is particularly true for the expected
contributions from the psychologists.

oide~problems are not necesssgrily less important, when of
interest for particulsr rezcons or topiesy but, in order e
avoid mislesding confusions, they ought not to be interpre-
ted &s properly belonging to the true SP problen.

The point to be stressed is not reelly different from thet
I, since before, intended to illustrate here in an inter-

vention: that is, the distinction between the unitery view

( "all probabilities are subjective™), znd the dualistic

- _Oor maybe plurzlistic - ones ("there are several kinds of

probebilities: objective and subjective™). But ny tesk secens
now mucn essier, because I can avoid o good deal of sbstract
philosophical discourses by seizing the opportunity of re-

narks concerned with some topics from the pregsent discussions.

2.~ An unczpected terminological ambiguity

I must begin, indeed, trying to settle an unexpected pre-
liminary question: maybe a merely terminological one, but
likely to create inextricable nisunderstandings. I wac

surprised to sec¢ that some psychologists call subjective

probebility any "wrong" evaluation of the "corrict" pro—
bability that is called objective. Without questioning here
whether and how far such notions could be regerded as mean-
ingful, it must be warned tiiet, in the estublished termino-
logy, "suhjective Probebility" has = completely different
Leening. It is the degrec of belief zs evaluated by anybody
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making the best use of &1l the information gvaileble to him,

and of his own skill.

The distinction just mentioned, betwecn the unitary and the
dualistic (or naybe pluralistic) point of view, will further
clarify the issucs on the adjectives "objective™ and '"gubjec-
tive™. Objectivists call "objective" such probabilities thst
they eaccept, inezsmuch as their evalustion is bascd on no

other information but very simple kinds of objective Gate,

namely, c¢ither enumeration of "svmmetric® cases, oOr obser-
ved irequencies on "gnalogous! trials. By contrest one
should call "subjective" the probabilities eveluated in
other cases, where such overgimplifying circumstences do
either not exist or exist but szssociated with some more in-
formation to be teken into sccount in order to form o defi-

nite degree of belief on every single event.

3.~ ihat "subjective" meens for Subjectivists

For BSubjectivists, such a distinction is illusory. Every
evaluation of & probabilitv is based on the whole of the
available informsztion, consisting on objective data, but
only a subjective judgement mey guide us in selection what
inforuetion to consider as relevant i1or our purposes and
how to let it influence our belief.

Lven 1n the cases where one sccept the go-called objective

Probabilities (e,g. ratio of white balls, or observed fre-

quency oi their occurence by drawings) it is the subjective

decision to admit such informetion end nothing e¢lse as re-

levent, and to make use of it in the ordinary ways, that

transforms objective data (2s an objective ratio of ballis,

or an objective observed frequency) into a probobility,

which is therefore .subjective, just as well as in every

other csase.
Ig it legitimate fo distinguish, notwithunderstanding,
different "kinds" of probability (e.g., classicel or lo-
gical, =nd statistiwel or physical, etc.)?
In a sense, eve n a Yubjectivist (like I.J. Good; see 1968
selzburg Colloquin, 4-th Discussion; Proceedings to eppesr)
may cgrec.
The point is to eccept that:

"To assert that something exists is to assert thot

it cannot be misleading o say that it exists":
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in such spirit I sgree with the following:

" low de Finetti would disagree with me beocause he thinks
thet to telk about physicel probabilities is misleading.
Therefore he says they do no exist. But I think it is hard-
ly mislecding to say thet they exist and at lesst more mis-

lcading to szy they do not

I agrec in the sense the question is here well posed. The
disagreement exists, but it does only concern the compered
convenience cnd dangerousness of calling "right" or "wrong"
a mncaningless sentence about the "existence" of on iraginary
entity, and not a question of principle. why I consider
misleading to spezk of the "existence" of specisal (e.g.
physicel) probabilities nay be seen for instence in ny
Salzburg peper: "Initial probebilitiess a prerequisite for
any valid induction", in Jynthese, 19 (1969) (in presz).
Loreover, further information allows ordinarils to go ghezd
with distinctions between Tormerly undiscernible coses
(insurers, for instasnce, stick to statisticsl data for
averecye—-guessings, but are careiul in trying to individu-
alize every single risk). And much nore complex combinations
0> circumstances, of vague reminiscences and analogies, of
a0re or less persuasive cxplanatory models, are always play-
ing a role ftor the assessment of all probebility beliefs.

(Sec also n. 8).

4.— Coherence end immcdiacy

It has been seid (n.2) that the (subjective) probability is
the degree of belief as evalusted by someone naking the best
use of all his informetion and of his own skill. That cre-
ates a provlem which I suppose to be particulary important
from the psychologicel point of view and in connection with
Psychological experimentsation.

4 skilful assessument of probebility requires zt leost an
intuitive understanding of the clements of probability the-
ory (e.2., that in g partition probabilities must adg up to
one), and some tire end effort to consider together and to
check for coherence the probabilities given to several events.
At the other hand, it mnay also seen chiefly of interest to
analyse the nost genuine, imnediate, uncorrected answers, to
be considered &s undistorted expression of the authentic,
deep-rooted belief.
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The enphasis on the two opposite sides Ray very according

to the aim of any particuler resesrch. In my opinion, how-
ever, the most instructive and fruitful modality is that

one, where anybody is werned and instructed about the opror-
~tunity of paying attention in order to correct and improve his
asscssnents through a careful comparison and revision for
coherence and reasonableness; of course, without external
advice or influence 2s for the direction ot his amendnents.
According to this viewpoint, I think thst the most sulteble
level of experimentation and oi discussion is usually that

one concerning the genuinely personal beliefs of any indi-
vidual, revised by himself Tfor coherence etc. et the best

of his knowledse and ability. A set of probability sscess-—

Dents Vitiated by not removed incoherences exlisting at a
level the assessor ig able to nagter, is not a wveluable
subject for research nor = significant test concerning the
capabilities of this person. It may only serve to investi-
getc gsome side aspects, like when the enalysis of a speech
is expressely made tsking into account uninte cntional lapses
such lapses nay be significent for psychoanalitical purposes
but would be misleading it regarded as a part of the inten-
tional message =nd used for its interpretation.
At any rate, when mistakes or strenge evaluations are found,
the most interesting tesk for psychologists is to locate
their origin (&8s for an engineer to locate the failure gi-
ving rise to Risfunctionings, or for a ph¥sician to dizg-
nose the cause of apparent symptoms). It is interesting,
€.8., to distinguish errors in understanding the problem,
in its methematical interpretation, in the manipulation of
mathematical formulss (explicitly perfornied, or s8imply fol-
lowed by imegination), in the finel numerical computions
(or guesses concerning their results).
4ven more concerned with the zim of a well pondsred assess-
ment of probabilities (not only as for coherence, but also
for a careful welghing of the avzilable evidence) cre methodgs
in which difiercnt essessors arc repeatedly =sked to think
again and possibly revise their own belief after comuuni-
cation of the belietfs of other bersons, and mavbe of the
reasons given by them (e.g., "Delphi Lethod™ s Shuford).
The so arising adaptive process for individual beliefs in
matual 1nteractlon should be, T Suppose, & very besutiful
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and farreaching task for psychologists interested in the
"Erue" SP problem {even if at the opposite utmost as for

imnediacy).

b.= On side-problems

Lowe subjects discusced in this Conference are good excmples
of side-problems (and will clarify why I call them side-
problems, nowsy diminishing the veolue they may heve per se).
There may be vurious systematic causes of morc or less syste-
matic distorsions in the assessnent of probabilities, owing
to different circumstarices.

There may be errors in measurcment or guessing cbout objec-
tive data, to be used =s 2 begsis for =a probability evaluation.
For the case of the frequency, by different weys of obser-
vetion, we listened to a report by lienz. Similar results
should probsbly hold also for guesses on ball-ratios etc.

(e.g., guessing the ratios of difterent colours of cendies

[
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in a transparent vessel).
These are side-problems beceusc they concern the objective

deta, irrespective of any pbssible applicetion to probebility

Another systematic distortion seems to arise by expressing
probability evealuations in the numerical scale (Fricks;
implicitly, sec¢ also in Lehmann): the probabilities whose
"true" value should be x receive a2 "distorteg" va lue,
y=f(x) (whose greph has & shape like y = f(x) = 4(14(2x-1)°)
/e avold the formulation in which x=0P is the "Objective
probability" and y=f(x)=SF is the "Subjective probability",
since we dismissed such notions (or terninology) LAl i
There is no herm however to use in experinents  x="rastio of
white bells" and f(x)="betting quotient announced by the

gub ety .

The use of any f(x) (not identically f(x)=x) is openly un-

tensble for anybody if onlv his attention is called upon

cbsurd implications of such distortion, with referecnce to
any intcrpretation of probeability.

It ig. sufiieienty Tor ingtance, e exenplify this wey:
Tossing this die, you agree to consider the six faces as
cqually probable;
vach face has, in your belief, a probebility of 20%

(e.g.), as you said;
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That implies, in subjectivistic terms, that

¥ ou gre ready to pay b X 20-=12¢ to.receive oo
whatever happens:

Or, in statistical frequentist terms, that

You e¢xpect thet, in average, points 1,2,%,4,5,6
will appcar 2o times each in every sequence of 100
trials,

Br,-din clagsies] terms, that

You believe that 20% of the 6 feces, that is 1.20
faces, are merked 1, and the like for feces marked
200, 5,6 _

If you dislike that, you have no way to escape but
by admitting £(1/6)=1/6 (not 0.20) (and, in general,

f(x)=x for every x in (0,1)

6.~ Experiments on resl versus artificial cvents

4 striking contrust seems exist between the kinds of experi-
ments preferred and perforned, although with similar pur-
poses, by psychologists at one side and by riathenaticiansg-—
statisticians-economists a2t the other.

The latter group is inclined to place confidénce on large—
scale experiments related to real-life questions: meteorolo-
glcal forecastings (Murphy), price oscillations &t Stock
Exchange (Stal von Holstein), footbell tournaments (de
Finetti, \inckler), applications to Lducctional Testing
(Coombs, Shutord, de Pinetti), not to speak about work on
Marketing, Lanagement, Operations Resecrch, ete., only in-
direetly relevant. People participating to the experiments
are in this case fully informed and somehow trained zbout
the aims and nethods, that are as sinple and direct as pos-
sible. The rewards, if any, ere careiully gradated according
to decision-theoretical requirenents: the recourse to the
notion of utility is contemplated only when it is justificd
by the presence of large risks (e.ga; By Grayson, studying
the bechavior of "wildcatters", engaged in big investments
Torresdarch. of ¢il—ficlds)

The Dclphi Lethod (sce n.4) hes been applied to even more
terrible questions (expected effects ot an atomic attack under

various hypotheses. As for Grayson's eXperliénce, ‘gee BLJ. Grav-

son eré Decisions under Uncertainty: brilling decisions by
- S e ity -
Oil andfOperators, Herverd Univ., Boston 1960.

/
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The former group seems inclined to place confidence in more
conventional laeboratory experiments, concerming artificial
schemes of games prepared by the experimenter, and elabora-—
ted by complex and sometimes formidable statistical machinery
and menipulations by computers. The rewards, even if intended
to yield informetion about the utility curve, are kept 2t the
level of few cigarettes or candies.
liaybe such laboratory experiments by psychologists are bet-
ter performed as for aspects unknown or disregarded by sta-
tisticians, but on the whole I seec several points in favor
of real-life questions. with this guestions anybody (the
experimenter as well as %he subjects) is in the seme posi-
tion as for possibility of information and so on.
Wwhen the experience is artificial, the problem for people
engaged is more or less openly to devine what the eXperimen-—
ter intended to test; the situation is that imagined in an
amusing science-fiction novel, where an extraterrestrial
animal reacted strangely to a psychological experiment be—
cause (a2t it was ultinztely discovered) it was interested
and able to detect the psvchology of experimenter.
dith facts like football no problem of this kind (gametheo-
retical situations, conscious or uncohscious cheating or
suspicion oi cheating, etc.) cen occur. The same information
is available to everybody on newspapers. Similsar adveantages

conle out of the other mentioned elements of realism,

7.~ Bxperiments on football forecastings

I will not repest here some information, verbally given at

the conference, about such experiments, hold at the University
of Rome (1960-61 and 1961-62 at the lac. of Economicss since
1966-67 at the Fac. of Sciences). As for the mcthods sec e.g.
"Does it make senge to speak of 'good probabilitngppreisargL?,

in J.Good (ed.), The Scientist speculates: An Anthology of

partly-beked Idcas, Heinemann, London 1962.

As for the choice among different possible scoring rules
(roughly speaking, in the sense of a "distance" between fore-
cast and outcome), I agreed (with Stacl von Holstein) there

may be reasons of preference according to o feeling of moxre

or less serious "mistakes". In the footbsll example, it woulad
be better in this sense to ascribe a higher value to the
distance between winning and losing a match than to the distance



=A0=

of both such results from tying Geno, adopting the repre-
sentation on a rectangular isosceles triangle rather than
the usual one,on an equilateral triangle: the distances were
in the retio V2 : 1 and the scores in the ratioc 2 5 1 );

TEsdidinoet soﬁfor the sake of simplicity (not to adopt spe-
cial scales for particulr applicetions). In another gense,
indeed, the choice is indifierent (and it is in this senge

I maintained this point, without contrsdiction with what
assecrted just below): in order to induce people to express
genuinely their beliefs (inssmuch thet is made their most
convenient choice) all decisiontheoretically consistent sco-
ring rules are equivalent.

As for analyses and conclusions of psychological character
end intercst, some rescsrch has been attenpted, but I haa

no opportunity to take adventage or advice or cooperation
from psychologists, as it would be nmost helisdul - indispens
sable and welcone. Tentatively, I can szy that &« fictitious
playcr using the avcrage of probsbilitics assessed by all
the reel ones is always near the top positions (only few are
better of as score), and the attempts to detcet systematicsl
causes of bad scores Clike: overrating the supportcd teem)
were unsuccessiul, so that it might be szid (without clai-
ming the existence of any underlying meening) that things
ere "as if" individual beliefs were yielded by "randon
deviations" from a "reasonable" average belief,

Winckler's conclusions on experiments of the samec nature
seem similsr. At any rate, there is much more to do in-such
kind of anclysis, for this and other fields of applications.
Are psychologists willing to help?

8.—- Facts (objective) and their signiticency (subjective)

The fundazmental point for the whole thesis (or conception)
maintaincd here is a strong distinction betw.en vhat is ob-
Jeetive, nawmely the observed facts, and what is not, nanely

the beliefs cbout their interpretation and Signitficancy.

This is the essence of all what hes been said till now, snd
some remarks to be finally sdded are not intended to intro-
duce a new idea but further instances of application of the
same idea,
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The objective cbserved facts of the past do ‘not carry, per
se, any information concerning the future. It is only our
subjective Judgerent, besed on more or less reasonsble idecs
or conjectures gbout the circunstasnces in which these fects
are produced, that makes us distinguish what ones anong the
observable feztures uay be considered as significant, so
that it secms rezsonable to foresec that these will be pre-—
served in the future whilst for the others no such expecto—
tion secms valid. _

An experiment mentioned by Vlek secms to give a good exemple
for illustr.tion of the thesis in a wide contcxt (and with
refcerence to the ples for realisn). LUppose, somneone is
steadily informed about the outcomes in a serics of trials
on a given phenosicnon, and thus on the fluctuations of the
frequency, and is asked to assess the probability he is
giving to a success in the next trisal.

I do not remember wheather and how the conditions werec
specified in Vlek's exemple. The informetion was graphi-
cally given by a diagran of the frequency, and I think it
is rethcr immaterial for cur discussions to know rore Pre-—
cisely the system. To e£void excessive vaguencss it might be
inagined thet y=f(n)=the frequency of successes on the last
100 trials (that is, on thcse with index n-1oo0, n-99,
BrO8 s s wy A= H=1) s
Wwhatever the sice and shapc of the fluctuations of the fre—
quency could be, according to the past observetions, it is
only the additional knowledge zbout the nature of the irheno-
nmenon observed (if it is & real problcm) that ensables to
think what features should be more or less tentatively con-
sidered as significent and what others not, and whv.

In some cases it could be reasonablec to disregard every in-
formation because all fluctuations are considerecd as accur-
ring by chances: so it is unwise to gamble with ths hope of
detecting regulerities in a seriecs of trials, ¢.8.5 8t the
roulette, if we agree on "rendomness". In other cascs it
might secm reasonable to expect some "seasonal" effect, and
one may fecl confident in a periodical return of fluctua-~
tions of roughly the same shape. Difterent kinds of phenome-
na may suggest variations of irregular lengths (e.g., if
related to periods of fine or bzd weather), or with a2 trend
to decreasing (ec.g., death after g surgical operation for
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which tecnical improvement are in progresss), or with corre-
lation between successive trials, e.g. in o contest, whecn
after a success someone is morc confident and hes morec pro-
bability to rcpeat a good performance in the next triasl.
(Markov chain) 4nd so on, and so on.

This is the reason I feel rather puzzling the situation of
somebody asked to express a forecast knowing the diagren

of the fluctuations but being uninforned about the real
nature of the phenomena observed(or suppos:zd to be obscrved).
Here, as in all cases where realistic information is lacking,
1 feer no reasonable attitude exists for pceople participating
in such experiments but to try to dctect what answer should
better agree with what the experimenter had in nis mind.
There do not exist problems, I raintain, for which realistic
information is necdless. Or, nore precisely, they cxist ony
in textbooks on probability. 4nd not because of any actua
reason, but oanly since everything is mede there tautologi-

cally implicit in the bare wording.
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